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1. Introduction 
Recall that a subset of ~n is called semi-algebraic if it can be written as a finite 
union of sets of the form 
{XE [Rn[Pi(x1,...,Xn)=O, Pj(x 1, . . . ,  Xn)>0,  i= 1, ...,m, j=m+ 1, ...,S}. 
where the Pi are arbitrary polynomials in ~[xl, ..., xn]. A semi-algebraic function is 
a function whose graph is semi-algebraic. If U is an open subset of ~n, a Nash 
function f defined on U is an analytic real function which satisfies locally a real 
polynomial P(x,f(x))-  0 (in n + 1 variables). 
It is known that if U is an open semi-algebraic subset of IR n, a Nash function on 
U is semi-algebraic. 
One frequently uses the principle of Tarski-Seidenberg: "A first-order formula 
in the language of ordered fields is equivalent to a first-order formula without quan- 
tifiers in the theory of real closed fields." 
(A first-order formula in the language of ordered fields is a formula obtained 
from a finite number of polynomial inequalities, negations, conjunctions, disjunc- 
tions and quantifiers ~r or V, the variables being elements of the ordered field K.) 
The classical Tietze-Urysohn theorem is a model for 'extension theorems'. Let us 
state it in a semi-algebraic form. 
Theorem. Let f2 be an open semi-algebraic subset of ~.n, F a closed semi-algebraic 
subset of  f2, f a (positive) real continuous emi-algebraic function defined on F. 
Then there exists a (positive) real continuous emi-algebraic function f defined on 
f2 and equal to f on F. 
The classical proof of Dieudonn6 [8] is valid-only when f is bounded. We shall 
give a different proof where f(x) looks like a distance from x to the graph of f in 
.Q x IR. 
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The classical method for proving extension theorems for analytic functions over 
C (or ~), is to use Cartan's theorem B which gives Hi(X, ~x)= 0 for X a Stein 
manifold (resp. analytic submanifold of [R n) and ~x the sheaf of complex (resp. 
real) analytic functions on X (cf. Cartan [3]). Then, using the cohomology exact 
sequence associated to the short exact sequence of sheaves: 
xo  
0-~ ~x ' ~x  ~ ~x/O~x ~ 0 
we can deduce the surjectivity of the morphism F(~x)~F(~x/O~x)  where "× o" 
is the multiplication by the analytic function o and X is connected. Unfortunately 
it was proved by Hubbard [10] that such a good cohomology for Nash functions 
does not exixt. This fact motivated Efroymson [9] to look for 'elementary proofs' 
of these extension theorems -... 
There are now good reasons to hope that purely sheaf-theoretic methods will suc- 
ceed in proving the surjectivity of the morphism: 
(~/~ being the sheaf of Nash functions on the open set £2). This means that: if U/ 
is a finite family of semi-algebraic open sets covering 0-1(0), if the f/ are Nash 
functions defined on Ui such that, on U/NUy, f i - fy=ko.o with k U Nash on 
UiN Uy, then there exists a Nash function f defined on ~2, such that on 
Ui : f - f i=k io  with ki Nash on Ui). (See Seydi [14].) 
This paper contains an elementary, and comparatively simple proof of the follow- 
ing extension theorem, which is a little more precise than Efroymson's. 
Theorem. Let £2 be a semi-algebraic open subset of  ~n and let 0 be a Nash func- 
tion on 1"2 with non-empty zero set ~= 0-1(0). 
I f  f l  is a Nash function defined in a semi-algebraic neighborhood of  ~, there 
exists a Nash function g on D, such that f l -g  = ko, where k is Nash in a semi- 
algebraic neighborhood of  ~. 
We follow Efroymson's method, by establishing first an approximation theorem 
of continuous emi-algebraic functions by Nash functions. This theorem seems to 
be a good analogue of the Stone-Weierstrass theorem in the non-compact case. As 
M. Coste suggested, we use the theory of the real spectrum (which seems to clarify 
Efroymson's proof of the Approximation theorem (avoiding triangulations). 
Our proof of the extension theorem, contrarily to Efroymson's uses Artin- 
Mazur's description of Nash functions. Let us recall this theorem of Artin-Mazur 
(see [5]): "Let f be a Nash function on a semi-algebraic open set V___ ~n. There is 
an irreducible affine variety ~' C ~n +p which is 6tale on ~n, and a continuous ec- 
tion s(x)=(x, fl(x)...fp(x)) of the local homeomorphism ~[R  n such that 
f1(x) =f(x) if x ~ V." 
The condition "~ 6tale on ~n" implies that if PI, P2 "'" Pm generate the ideal of 
~, then the matrix [OPi/Oyj] is of maximum rank equal to p at any point of ~. 
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Subsequently, atany point of d ,  the tangent space to ~¢ of dimension is the kernel 
of the differential of the function given by: (x, y) ~ (PI (x, y), . . . ,  Pm(X, y)). This 
mapping is clearly of rank equal to p everywhere on ~. Thanks to this description, 
our proof  becomes a geometrical one where figures are graphs of functions, and 
transformations are approximations or projections on such graphs. 
2. Some elementary analysis for Nash functions 
Let g2 be a semi-algebraic open subset of [R n. Let E be the set of Nash functions 
defined on g2 which takes only strictly positive values. 
We shall say that the function f tends to the limit a E [R as x tends to infinity (in 
g2) wr i t ten f (x )~a s x--, oo in g2, if for each positive number e, there can be found 
a compact subset of g2, K such that ] f (x) -a[  <e provided that xCK.  
A theorem of Mostowski asserts the existence of a semi-algebraic continuous 
function ¢o, defined on ~n which is zero outside (2, Nash and strictly positive on 
g [11], [1]. This function gives a Nash embedding j of ~ as a closed subset of 
~n+l : j (x)=(x,  1/~(x)) such that x~oo in Q is synonymous with [[ j(x)[[-,oo. 
The following result shows that the elements of E are able to measure the 
'smallness' of any semi-algebraic continuous function. We shall use Puiseux's well 
known result that any semi-algebraic function from ~ to [R is equivalent to kx -p/q 
in the neighborhood of oo. 
Lemma 1. Let F be a closed semi-algebraic subset o f  g2 and f a semi-algebraic func- 
tion defined on F, locally bounded below by some strictly positive number. Then 
there exists a function e ~ E such that f>  e on F. I f  g is a semi-algebraic continuous 
function tending to zero as x tends to infinity in g'2, we can choose rl E E with 11 tend- 
ing to zero as x tends to infinity in g2, and g < rl on F. I f  h is any semi-algebraic con- 
tinuous strictly positive function defined on F, then there exists an integer N and 
a constant C such that gN(x) < C h(x) on F. 
Proof. By the Mostowski theorem quoted above we may suppose f2 = ~n. Let a ~ F 
and B(a, r) be the closed ball with center a and radius r. Let 
k(r) = Inf (f(x)). 
x~ l~(a,r)nF 
k is a semi-algebraic function (by the Tarski-Seidenberg principle) from ~+ to ~+ 
which is non-increasing and strictly positive. Thanks to Puiseux's result we have for 
some integer N, and real number R: 
1 
k(r)> (1 +r2) N if r>R.  
Then, if we take O<c<min(1,k(R))  we have for any x: 
C 
f (x )  >- ll xll ) > 
(1 + IIxll2) 
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and the first assertion is proved. Now if g(x)~O as x~oo (in 19), consider the 
function 
m(r)= sup (Ig(x)l). 
xeF  
Ixl ~r 
m(r) is a non-increasing semi-algebraic function and tends to zero as r tends to in- 
finity, so by Puiseux's result we have for r > R, m(r)< 1/(1 + r2) q with q positive. 
As before, we can choose c such that m(r)< c/(1 + r2) q everywhere, hence for any 
xeF  we shall have g(x)<_c/(1 + ~xll2) a with some positive q. The last assertion is 
now easy to prove: we have for some q and some positive ql 
g(x) < cl and h(x) > c 
(1 + Ilx}[2) ql (1 + flxll2) q" 
Then if we take Nql > q we get (g(x)) N < C h(x) for some constant C. [] 
Proposition 1 (Lojasiewicz inequality [2]). Let F be a closed semi-algebraic subset 
o f  U an open semi-algebraic subset of  ~n. Let u and o be semi-algebraic continuous 
functions defined on F such that o is zero on the zero set of  u. Then there exists 
a semi-algebraic continuous function h defined on F, and an integer N such that 
ON(X) =h(x) u(x) on F. 
Proof.  Let Z be the zero set of u and 19 = U-Z .  We may suppose U = ~n. 
By Lemma 1 and the hypothesis, for some M, o(x)/(1 + I]x~2) g tends to zero as 
x tends to infinity in 19. 
So by Lemma 1 there is an integer N and a constant K such that 
o N (x) < K (1 + U x ll 2 )M%(x) .  
Now define h(x) = o N+ l (x)/u(x) if x ~ F -  Z, h(x) = 0 if x e Z. h(x) is a continuous 
semi-algebraic function defined on F and we have 
oN+ 1 (X) = h(x) u(x). [] 
Proposition 2 (The Tietze-Urysohn theorem for semi-algebraic functions). Let F be 
a closed semi-algebraic subset o f  19 an open semi-algebraic subset o f  ~,n, f a (strict- 
ly positive) semi-algebraic continuous function defined on F. Then there exists f a 
(strictly positive) semi-algebraic continuous function defined on 19 and such that 
f(x) =f(x) when x is in F. 
Proof.  By decomposing f into positive and negative parts, we may suppose f>_0. 
I f  we apply the Lojasiewicz inequality to the functions ] f (x)- f (y){ and d(x,y) 
defined on F2C~'2 we get [ f (x)- - f (y) lN=h(x,y)d(x,y)  with h semi-algebraic con- 
tinuous defined on F2; by Lemma 1 let /~ defined on 19 2 be such that 
/~(x, y) >_ h(x, y) if (x, y) e F 2 and define 
A(x, y) = (h(x, y) d(x, y))l/N + d(x, y). 
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We have A (x; y) > If(x) - f (y) [  if (x; y) e F 2. Let 
f(x) = Inf(A (x; y) + f(y)).  
y~F 
f is a semi-algebraic function extending f to D. The fact that f i s  continuous i  clear 
for F compact, and the general case can be reduced to it as following: Let f(x0) = 
d=A(xo, Yo)+f(Yo) and let r /<d be such that 
d(x, Xo)<rl implies Id(x, yo)-d(Xo, Yo)l<d. 
Then for x such that d(x, x0)< r/we have 
f (x)= Inf (A(x,y)+ f(y)). [] 
y ~ F CI B(Xo, 3d) 
Lemma 2 . / f  F0, FI are semi-algebraic closed and disjoint subsets of  g2, m o and M1 
are continuous emi-algebraic functions on g2, with m o strictly positive on (2, then 
there exists a function of  E, g/such that: 
u/ < mo on Fo and q/ > MI on F1 
Proof. A theorem of Mostowski [1], [4], [11], asserts the existence of a Nash func- 
tion on D, ¢ which is strictly positive on F l and strictly negative on F 0. 
By Lemma 1 let e e E be such that 
e<l~l ln f ( iM l i+ l  ,too) on FoOF I. 
Define 
g= dp and v. l=g+Vl+g 2 -  1 
e l [ / ] -~-g 
We see that on FI, ~>g> ]Ml] + 1 >M~ and on Fo, ~< 1/]g] <mo. [] 
We shall also need the following analogue of partitions of unity for Nash 
functions. 
Lemma 3. Let U i be a finite covering of  (2 by open semi-algebraic sets. Then, for 
each e ~ E, there exists ~¢i E E such that 
m 
g/i= l, and qli<e outside Ui. 
1 
Proof. Let Fi be the complement of Ui, and let 
qb(x)= sup (d(x, Fi)). 
i= l , . . . ,m 
q~ is continuous, semi-algebraic, and strictly positive and we can see that the sets 
P/= {x I d(x, Fi)>_ ¢(x)} cover g2. Let 0i e E be greater than 1 on V/and less than e 
on F i. Then the functions q/i = 0 i / / (~70 i )  satisfy the required conditions. [] 
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We may say that the Ip' i are "a  Nash partition of unity e-subordinate o the cover 
/~9 .  
In the same spirit, semi-algebraic versions of the implicit function theorem and 
its corollaries can be proved. Following the lines of De Rham [13], let us prove the 
Tubular Neighbourhood theorem. 
Theorem. Let Q be a Nash embedding of a semi-algebraic open subset U of R n into 
~ There exists a semi-algebraic neighbourhood W of Q(U) in ~ and a "local 
retraction" 7t : W--* U which is a Nash function such that 7t o Q = Id. 
Proof. Let JV be the N-dimensional manifold of all pairs (x; ~) where x~ Q(U) and 
is a vector in ~N perpendicular to Q(U) at x. 
Let/z be the mapping (x, ~) = x + ~ of ~/ into IR N. 
Let W1 be the semi-algebraic subset of JV where the Jacobian of/~ is non-zero. 
Q(U) x {0} is contained in Wl. 
Now consider 
 (y)=Inf{rlY ,(y, Oe ,Y(z, tl)eK, =r,  [vlI<-r,#(y,O=#(z,O}, 
~, is semi-algebraic bythe Tarski-Seidenberg principle. ¢/is locally bounded below 
by some strictly positive number by the implicit function theorem. Take a Nash 
function ¢~, such that 0<¢(y)< ~,(y) everywhere (by Lemma 1). 
Let W2= I~l<¢(y)} • WI(') W2 is a semi-algebraic open neighbour- 
hood of Q(U) x {0} in ~ and tt [ Wl N W2 is open and injective. 
Therefore W=lz(WIN W2) is a semi-algebraic neighbourhood of Q(U) and 
Q- lo  prl og-1 is the expected Nash retraction. [] 
Note. It is interesting to notice that Q o 7t(x) is the point of Q(U) which is the nearest 
to x (when x is in W2). This is due to the fact that when the distance 
d(x, M), Me Q(U), is minimum, xM is perpendicular to Q(U). 
3. Preliminaries on real spectra 
For all this the reference is [6] or [7]. 
Let A = IR[xl, x2, ..., Xn]. A point a of the real spectrum SpecR(A) is a couple 
a = (Pa, -<a) where Pa is a prime ideal of A and -<a is an ordering of Fr(A/pa) the 
field of fractions of A/Pa. 
Let k(a) be the real closure of the ordered field Fr(A/pa). 
If P is a polynomial in IR[x 1, ... ,xn], the 'value of P at a' is the element of k(a) 
which is the image of P under the morphism A--, k(a). 
If X is a semi-algebraic subset of R n, let us denote by )( the corresponding con- 
structible subset of SpecR(A) (i.e. the subset defined by the same collection of 
polynomial equalities and inequalities). 
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Let D be an open semi-algebraic subset of R n, and f a semi-algebraic function on 
D. Then f defines a 'function' on D with values in k(a) (in fact it is a section of 
a sheaf). If f is defined by a certain collection of polynomial equalities with coeffi- 
cients in A, then by the Tarski-Seidenberg principle, there exists a unique element 
f(a) of k(a) verifying the same collection of equalities and inequalites. 
It is then clear that if f is positive on a semi-algebraic subset X of D, f (a)  is 
positive for every a in X'. 
Now consider the mapping 
e : Y (D  ) ~ k(a), f ~ f(a). 
k(a) is algebraic over e(JV(D)) since it is algebraic over the image of ~[X1,..., Xn]. 
Lemma 4. I f  Fo and F1 are closed and disjoint subsets of  D, mo and M 1 are con- 
tinuous semi-algebraic functions on £2 with m o strictly positive on D, there exists a 
strictly positive Nash function on D, ~ such that 
~U < mo on F o and el>All on F1. 
Proof. Each closed subset of D is of the following form: F0 = 0i)?i,  where the Xi 
are closed semi-algebraic subsets of D;/71 = ~j  ~. 
Since F0 f3 F1 = 0, the family composed of the Xi and the I7j is a family of closed 
subsets of D with empty intersection; by compactness we can extract from it a finite 
family with empty intersection. 
Then we get two closed semi-algebraic sets X and Y with 
FoC-~, FIC 17 and .~n~=o. 
X and Y being disjoint we can apply the result of Lemma 2 and find a Nash function 
~, such that 
>M l on Y and ~,<m o onX.  [] 
When F 0 is a closed point of Q we have the following result: 
Lemma 5. I f  a is a closed point o f  D, and b e k(a), there exists ¢/continuous semi- 
algebraic on D such that b = ~(a). 
Proof. k(a) is the residue field of the local ring limae 0 J/(U) (cf. M.-F. Coste-Roy 
[6], [7]). Therefore, there exists a Nash function ~u defined on an open set U, 09  a 
with ~u(a) --b. a has a basis of neighborhoods consisting of constructible closed sets 
(cf. Carral-Coste [2]). Thus, there exists F closed with a e ffC U. Now the Tietze- 
Urysohn theorem applied to the restriction of ~u to F gives us $ continuous emi- 
algebraic on D, and such that b = $(a). 
It is also clear that if b> 0 we can choose ~ positive. [] 
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4. The approximation theorem 
Proposition 3. I f  a is a closed point o f  1"~, b an element of  k(a), P the minimal 
polynomial o f  b over e(•(D)), i f  0 and 0 are Nash functions on ~ such that 0 < O; 
O(a) < b <O(a), and P'(y) has a constant sign when y ~ [0(a), 0(a)], then for  any e 
positive in k(a), there exists f a Nash function on f2 Such that I f(a) - b[ < e. 
Proof. We may suppose that P'(y) remains positive when y~ [O(a),Q(a)]. The 
following conditions are realized for x = a. 
(i) P'(y) > 0 when y ~ [0(x), Q(x)], 
(ii) P(O(x)) < O. 
(iii) P(Q(x)) > O. 
Let/~ ~k(a) be such that Vy~ [O(a),Q(a)], 0</z<P ' (y )  (the existence of such a 
/z is a consequence of the Tarski-Seidenberg principle). 
And let H be the closed subset of ~ where, at least one of the conditions (i), (ii) 
or (iii) is not satisfied. By Lemmas 4 and 5 we can find positive Nash functions on 
1"2, u and w, such that 
u(a)<a, e, 
and if x ~ H, 
u(x) > I 0(x))l, 
w(a)<u, e 
w(x) > [P(u(x))l, 
w(x) > [O(x)- O(x) l Inf P'(y) 
y • [etx~ otx)] 
Consider now the new polynomial 
P N(z)=P(z)+ (u+ 
One checks that 
(a) P N(O(x)) = P(O(x)) - u(x) is negative, even on H thanks to the first condition. 
(b) P N(o(x))=P(e(x))+ w(x) is positive, even on H thanks to the second 
condition. 
(c) P N'(y) = P'(y)  + (u + w)/(~ - 8) is positive when y ~ [O(x), O(x)] even on H 
thanks to the third condition. 
Therefore there exists a unique f(x) ~ [O(x), Q(x)] such that P N(~(x)) = O. The im- 
plicit function theorem says that .T is a Nash function on D. 
Furthermore, by the mean value theorem, there exists ca ~ [O(a), Q(tO] such that 
P(J'(a)) - P(b) = P'(ca)(f(a) - b). 
And since - w(a) < P(J'(a)) < u(a), and P'(ca) >/~, we get I jT(a) - b l < e. [] 
Proposition 4. Let a be a closed point o f  ~, b ~ k(a). 
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Then, for every e positive in k(a) there is a Nash function f on ~ such that 
I f (a)-bl  <e. 
Proof. By induction on the degree of P the minimal polynomial of b. 
(1) If P '  has a root a > b such that P'(y) is of  constant sign between b and a, then 
take r/e E such that rl(a) < (a -  b)/3 and a a Nash function such that l a(a) - a l < rl(a) 
(by induction). 
Then A(x)=~(x)-  2r/(x) is a Nash function such that A(a)> b, and P'(y) is of 
constant sign if y ~ [b, A(a) + r/(a)]. 
(2) If P '  has no root > b, then take for A any Nash function such that A(a)> b 
(by Lemma 4 with F 1 ={a}, Fo=O, Ml(a)=b). 
In the same way we can show the existence of a Nash function 0 such that O(a) < b 
and P'(y) is of constant sign if y e [0(a), b]. 
Therefore P'(y) is of constant sign if y~ [0(a), A(a) + r/(a)]. 
Let u ~E be such that u(a)< r/(a) and u(x)> O(x)-A(x) on the closed subset of 
where O(x) > A(x). 
Then, we denote Q(x)= A(x)+ u(x), we see that we can apply Proposition 3. [] 
The Approximation Theorem (Efroymson). Let f be a continuous emi-algebraic 
function on 1"2. Then for every e ~ E, there exists a Nash function f on 1"2 such that 
l:-fI<e. 
proof. For every closed point a eQ,  let fa be a Nash function such that 
IA(a)- f (a) l< e(a)/2, and let I?~ be the open subset of ~ where [ fa(x)- f(x) l  < 
e(x)/2. 
Since every point has a specialization which is a closed point, it is in any neigh- 
borhood of this closed point, and the ITa are an open cover of ~.  
By the compactness of ~,  we may take a finite subcollection of the 17a, 
a = 1,..., m covering ~.  The V a then cover ~2. 
Let ~a be a Nash partition of unity (e/2m(~,~ [fa[ + [ f [+ 1))-subordinate to 
that cover. Then f=  ~,~ t~af a is an e-approximation f f by a Nash function. [] 
5. The Extension Theorem 
Lemma 6. Let ~/ be the zero set of  a Nash function o defined on £2. Let u(x) be 
a continuous semi-algebraic function, being zero on ~. Then for every e ~ E, there 
exists a Nash function ~(x), e-close to u, and a multiple of  o by a Nash function. 
Proof. (We may suppose o_>0 everywhere, if not replace o by 02). Let ul be a Nash 
function (e/4)-close to u. Let F be the closed semi-algebraic subset of f2 on which 
lul[>_e/2. F being disjoint from ~, o/lUl[ is never zero on F. Let el ~E be such 
that o/]Ull >e I on F. Then tT= [2o/(2O+ele)lul satisfies all the conditions of the 
lemma. [] 
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By the Tietze-Urysohn theorem, our extension theorem announced in the Intro- 
duction may be stated as follows. 
Theorem. Let f l be a continuous emi-algebraic function on 19, Nash on a semi- 
algebraic neighborhood V of  ~f = o-1(0), where o is a Nash function on 19. Then 
there exists a Nash function on 19, g such that f l - g = k o with k Nash in V. 
Proof. Thanks to the Artin-Mazur description of Nash functions we may suppose 
that if x~ V, f l  is the first coordinate of f=  (fl ,f2, .-. ,fp) where f satisfies 
Pl(x,f(x)) =0, ... ,Pm(x,f(x)) =0 
and, for any x in V the mapping y--,(Pl(x,y), ... ,Pm(x,Y)) is of rank p at the point 
y =f (x ) .  
Consider the mapping Q:19x  ~p.__~[~n+p+m given by: 
Q(x, y) = (x, P(x, y)) = (x, y o(x), PI (x, y), ..., Pro(X, y)). 
Q is of constant rank equal to (n +p) at any point of the graph F of f .  And so, by 
the constant rank theorem we can find e e E such that Q is an imbedding of 
~((x,f(x)), e(x)) into ~n+p+m. 
The restriction of Q to U(F) = {(x,y)[d(y,f(x))<e(x)} is injective and proper and 
thus is an imbedding of U(F) into ~n+p+m (see de Rham [13]). 
By the tubular neighborhood theorem there exists a semi-algebraic neighborhood 
W of Q(U(F)) in ~n+p+m and a Nash projection 7t: W-~u(F) such that it o Q= Id 
on U(F). 
By Lemma 6, there exists a Nash function w(x) on 19 sufficiently near P(x,f(x)) 
so that (x,w(x))e W for every x~£2, and such that w(x) -P(x , f (x) )=kv.  
Let g(x)= prE(Tt(x, w(x))) (where pr2(x, y)=y),  g is Nash on 19 and because f(x)= 
prE(yt(x, P(x,f(x)))) we see that f(x) -g(x)  =K(x) o(x) where K is Nash in V. 
Now take the first coordinates of these vector-valued functions. [] 
Remark also that it is possible to extend and approximate simultaneously con- 
tinuous semi-algebraic functions, Nash on a semi-algebraic neighborhood of the 
Nash set Y/. 
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